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Abstract 

We calculate S^^ff{SP x 5'?), the smooth structure set of x for p,q > 2 
and p + q > 5. As a consequence we show that in general S^^^^ {S'^^^^ x S'^^) cannot 
admit a group structure such that the smooth surgery exact sequence is a long exact 
sequence of groups. We also show that the image of forgetful map S^^^^ {S^^ x 5^^^) — > 
gTop^gij ^ gik-^ -g general a subgroup of the topological structure set. 

1 Introduction 

We work in the categories of closed, oriented, simply-connected Cat-manifolds M and of 
dimension n > 5 and orientation preserving maps, where Cat = Diff for smooth manifolds 
or Cat = Top for topological manifolds. The Cat-structure set of M, S^°''^{M), is the 
set of structure invariants [A^, /] which are equivalence classes of homotopy equivalences 
f : N ^ M where fo : Nq ^ M and /i : A^i — )■ M are equivalent if f^^ o /g is homotopic 
to an isomorphism (diffeomorphism or homeomorphism) . The base point of 5'""*(M) is the 
equivalence class of Id : M = M. There is an an obvious forgetful map F : S^^^^ {M) — > 
iS^°^(M) such that the smooth and topological surgery exact sequences for M are commuting 
long exact sequences of pointed sets 



M'^'ffiM x [0,1]) ^ L„+i(e) S^'f^iM) — Ar^^^^(M) L„(e) 

F = F F = 

■ Ar^"P{M X [0,1]) - L„+i(e) S^°P{M) Ar^°P(M) L„(e). 



(1) 

Here M^''\M) and J\f^''\M x [0, 1]) are the Cat normal invariant sets of M and M x [0, 1] 
relative boundary, L„_|_i(e) and -C/„(e) are the surgery obstruction groups: Lj(e) = Z, 0,Z2,0 
as i = 0,1,2,3 mod 4 and L„+i(e) acts transitively on the fibres of ry<^"*. Using identity 
maps as base points we have Sullivan's familiar identifications N'^°'^{M) = [M,G/Cat] and 
j\fCat(^j^ X [0, 1]) = [SM, G/Cat] where EM is the suspension of M. We refer the reader to 
Section [3] for some further definitions and references to the literature. 
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In this paper we calculate S^^^^^S^ x S''), for p,q >2 and n = p + q > 5. We develop the 
necessary preliminaries by first recalling ([T]) when M = S"^ and (11])-^°^ when M = x S''. 

The Generalised Poincare Conjecture, due to |Smj . asserts that S'^°p{S"') = {[Id]} whereas 
the smooth structure set of S^, S^''-f^{S"') = 0„ = UniTop/O), is the finite abelian group of 
diffeomorphism classes of homotopy ra-spheres. With A/'^*-'^'^ (5''^) =7!'n{G/0)aiidN"^°^{S"') = 
Tin{G /Top) we have the commuting long sequences of abelian groups, the upper due to |K-Mj . 

aDiff , ,Diff „Diff aDiff 

^ 7r„+i(G/0) L„+i(e) >- e„ >- n^{G/0) L„(e) 

k h 1- k h (2) 

^ 7r„+i(G/Toj9) L„+i(e) {[Id]} ^ 7r„(G/Toj9) — L„(e). 

The topological sequence gives the fundamental identification 7r„(G/Top) = L„(e) which 
we often make without further comment. The image of o;^*-^-^ is the finite cyclic 

group of diffeomorphism classes of homotopy spheres bounding parallelisable manifolds: thus 
6P„+i = L„+i(e)/e^*//(7r„+i(G/0)) = 7r„+i(G/Top)/F(7r„+i(G/0)). 

Now let i : SP\/ SI ^ SP X S'} he the inclusion and c : Sp x S'^ ^ 5^+^ the collapse map. 
We have the identification J\f^°-\SP x S*^) = [Sp x S*', G/Cat] and the split exact sequence 

np+^{G/Cat) ^ [SP X S'',G/Gat] A 7Tp{G/Gat) x ix^^G/Gat) 0. 

In Section [3] we use the product of normal maps to define a section vr^ ,j to i* and thus an 
identification 

3 

TTp,, X c* : W-K^XG/Cat) ^ [SP X S\GIGat], (pi,p2,P3) = + (3) 

In the topological case, see [Rail IK-L] [Ex. 20.4, §7], the map i* o rf°P defines a bijection 

e o 7f°P : S'^°P{SP X S'') = np{G/Top) x n,{G/Top) (4) 
and the surgery exact sequences of ([T]), the lower sequence found in |Ra4j . are isomorphic to 



n vrp,+i (G/0) 



SDiff(^SP X 5«) — Y[^pXG/0) 



gDiff 



LJe) 



i=l 



i=l 



n 7r,,+i (G/Top) — Wi(e) l[npXG/Top) flnp^G/Top) L„(e) 



i=l 



i=l 



(5) 

Here rj^°P{x,y) = {x,y,—xy) and 9^°P{x,y, z) = xy + z where the product xy is defined 
by the pairing a{p,q) : Lp{e) ® Lq{e) — )■ Lp+q{e) as in [Ral] . Note that a{p,q) = unless 
(Pi = 4fc) when it is isomorphic to multiplication by 8 and that our identification of 
[SP X 5^ G/Top] differs from that of [Ra4]. 
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We see that calculating S^'^^^{S'^ x S'^) amounts to calculating the image of rj^'^^f in 
Y^i=iT^pAG /O) and the action of Lp+q+i(e) on S^''^f{S^ x S'^). For both points, it is helpful 
to recall that in general 0^ acts on S^'^^ ^ (M) for any manifold M and that by |Broj the 
action of L„+i(e) on S^'^^^{M) factors through o;'^*-^-^ : L„+i(e) — )■ hPn+i C 0n (see Section 
|3]). We begin stating our results with the illustrative special cases of x 5*^ and S'^ x 
where we use the isomorphism = Z. 

Theorem 1.1. For M = x S'^ there is a short exact sequence of pointed sets 

^ Z28 ^ xS^)^Z^O 

where, Z28 = bPs = O7 acts transitively on the fibres of rj, 7 ■ bPg = Z4 acts freely on all of 
S^^-ff[S^ X S*^) but 4 ■ bPs = Z7 acts freely on ri~^{v) if and only if v & Z is divisible by 7. 

Corollary 1.2. The sets S^'^-^-^{S^ x S"^) and M^'^^^ {S'^ x S"^) = Z cannot be given group 
structures such thatrj^^^-^ is a homomorphism. The same holds for S^^^^ {S^ x S*^) and both 
: bPs S^'ff{S^ X S^) and u : ^§(6) ^ S^'ff{S^ x S^). 

Proof. If 7] were a homomorphism then its fibres would all be cosets of the kernel and hence 
have the same size. If u^^ (resp. u) were a homomorphism, the stabilisers of the associated 
action would all be equal to ((X'^^)~"'^([ld]) (resp. (^'^"'^([Id])). □ 

Theorem 1.3. For M = x S'^ there is a short exact sequence of pointed sets 

^ Z2 ^ S^^'^^iS^ X 5^) ^ Z X Z A Z7 ^ 
where Z2 = Os acts freely and transitively on the fibres of i* o rj and d{u, v) = uv mod 7. 

Remark 1.4. In Subsection \1.1\ below we use Theorem \1.3\ to show that the image of the 
forgetful map S^^-I'-^{S'^ x S"^) — > S^°^{S^ x S"^) is not a subgroup. 

The examples of x 5^ and 5*^ x S'^ show that in the smooth case the map 

\ i=l J i=l 

is in general neither injective nor surjective. We place it into an exact sequence. 

Theorem 1.5. Define the integer ti by t^k = |Cok(7r4fc(G'/0) — > n^kiG /Top))\ so that 
ti = 2 and t^k = \bPik\ if k > 1 and by ti = if i mod 4. For p,q > 2 and p + q > 5, 
there is an exact sequence of pointed sets 

ep+, ^ S'^'^iSP X 5") TVpiG/O) X Tx,{G/0) A St,t, ■ bPp+g 

where Qp+q acts transitively on the fibres of i* o rj^^ff and the map d is the composite 
2 2 

HrrpXG/O) ^ U^'p^iG/Top) - L,(e) x L,{e) "-^^ V,(e) 6P,+,. 

1=1 i=l 
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Next we describe the action of Qp+q on S'^^^^i^S'^ x S'^) which requires some further 
prehminaries. Firstly recall the contracted Kervaire-Milnor sequence extracted from ([2]) 

^ 0„ ^ T^n{G/0) L„(e). 

Hence Qn/bPn+i = {9^'^^y^{0) C nn{G/0). When n = Ak we choose a splitting r^k x 04fc : 
T^Ak{G/0) = 04^ X Z and when p + g = 4fc we use this splitting and that of ([3]) to define 

= (r4fc X f) o r]^'ff : ^^^^^(5^ x 5^) ^ 04fc x 7rp(G/0) x Tiq{G/0). 

If p+g 7^ 4/c we set f] = rj^^ff. Secondly, given the symmetry in (p, q) we adopt the convention 
that if j9 + g is odd then q is assumed even. If {p, q) = (4j — 1, ik) let i4fc : S^^ S^^~^ x S"^*^ 
be the standard inclusion and define the surjection 

d : X S''^) ^ Z, [N, f] ^ d{[N, /]) := 04. (^I, (r/^^^^ ( [iV, /])))• 

Theorem 1.6. For p,q > 2 and p + q > 5, the action of Qp+q on S^^^^ {S^ x 5"^) is free 
unless p = 4j — 1 and q = 4k in which case the stabilisers of the action are all subgroups of 
bP^Q+k) of odd order. There is a long exact sequence of pointed sets 

^ bPp+q+, ^ S'^'f^iS^XS'') (^Qp+q/bPp+q+l X n7rp,(G/0)j ^ 8tptq-bPp+q ^ 

where 6Pp+q+i acts transitively on the fibres off] and for all [N,f] G S^^^^ [S^^^^ x S'^^) the 
stabilisers of the action of bP4(^j^k) o^re given by 

ibP^j+k))[Nj] = 8d{[N, f]) tij t4k ■ bP^j+k)- 

For example: St^t^-bPs = Z7, St^tg-bPu = ^31, St^tu-bPu = ^127 and^t^t^-bP^Q ^ Z127. 

Remark 1.7. In Section\E we review the formulae for t^ and show that 8t4^j t/^^ ■ bP^^j+k) is 
always of odd order. It seems likely that is never or very rarely trivial. 

Remark 1.8. Theorems \1.5\ and \1.6[ have been attained by a process of trial and 

error: Example 13.26 of jRaS] describes S^'^^^{S^ x S'^) incorrectly and in IClf I stated 
incorrectly that the action of bPs on ?7~^(±1) C S^'^-^-^{S^ x S*^) is trivial. 

The rest of this paper is organised as follows: we complete the introduction by recalling 
some of the background concerning group structures on iS'""*(M) and by spelling out the 
implications of Theorems 11.11 and 11.51 in this context. In Section [2] we prove Theorems 11.11 
and 11.31 and give more or less explicit descriptions of all the elements of S^^-^-^{S^ x 5*^) and 
S^^-^^{S'^ X 5*^). We also classify smooth manifolds homotopy equivalent to x 5*^ or S'^ x S^: 
the classifications are not achieved by computing the action of homotopy self-equivalences 
on the structure set, a problem we leave aside in this paper, but by applying classification 
theorems of Wilkens and Wall [Wi[ IWalj as well as an unpublished theorem of our own 
about the inertia group of 3-connected 8- manifolds |C2j . In Section [3] we recall and develop 
some general results on the surgery exact sequence and in particular the action of L„+i(e) 
on S^^^^{M). Lemma [3.91 and Corollary 13. 131 may be of independent interest in this regard. 
In Section |4] we apply the results of Section [3] to prove Theorems 11.51 and II. 6[ Finally in 
Section Owe give a summary of the calculation of the order of bP^k- 
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1.1 Group structures on 5^"*(M) 

For Cat = Top or Diff the operation of Whitney sum of stable bundles gives G/Cat 
{G/Diff = G/0) the structure of an infinite loop space so that M^^^M) = [M,G/Gat] 
admits the structure of an abelian group: for example it follows from Lemma 13.21 that our 
identification [S^ x S^,G/Gat\ = ]\]=i'KpXG /Cat) is a group isomorphism when the later 
product is a product of groups. Moreover, the surgery exact sequences of ([T]) are exact 
sequences of groups to the left of iS'""*(M). But, as is well known and as we saw above in 
([5]), the surgery obstruction maps 6''^"* : [M,G/Cat] — )■ Ln{e) are not homomorphisms when 
[M,G/Cat] has the Whitney sum group structure. 

In addition to the Whitney sum infinite loop space structure G/Top has another infi- 
nite loop space structure derived from its identification as the initial space of the L-theory 
spectrum [Q]. It is a theorem of Siebenmann [Si] that with this group structure 6^°^ is a 
homomorphism and that S^°^{M) admits a group structure making the topological surgery 
exact sequence into a long exact sequence of abelian groups. Ranicki (see |Ra3] ) later con- 
structed an algebraic surgery exact sequence of abelian groups for a topological manifold M 
and an isomorphism to the topological surgery exact sequence for M. 

In jN] Nicas asked if the smooth surgery exact sequence might be a long exact sequence 
of groups. In |Wej Weinberger showed that the forgetful map F : S^^^^{M) — )■ S^°^{M) 
is finite-to-one with image containing a subgroup of finite index and in a remark left open 
whether the image of F is in general a subgroup of S'^°^{M). It is now well known to the 
experts that neither of these possibilities occurs in general (see for example |Ra3 ] [§13.3]) 
but no explicit examples have appeared in the literature. Corollary 11.21 provides a negative 
answer to Nicas' question and Corollary 11.101 below settles the matter for Im(F). Before 
proceeding to Corollary 11.101 we present another consequence of Theorem 11.11 The forgetful 
map F fits into a short exact sequence of pointed sets 

[M,Top/0] S^'ff{M) A S^°P{M) 

where by |H-M] and |K-Sj [M,Top/0] may be identified with the set of concordance classes 
of smooth structures on M. 

Corollary 1.9. The fibres of F are not in general equivalent sets. 

Proof. We take M = 5^ x S''* where the topological normal invariant map gives an iden- 
tification ri^°P : S'^°P{S^ X S^) = TT4{G/Top) = Z such that r]'^°P o F = F o 7]^'ff where 
F : TT^IC/O) — T[i{G /Top) is the inclusion onto the subgroup of index two by Rochlin's 
Theorem |Roj . Hence by Theorem II. H 

p-^{2y\ = [ ^4 if 7 is prime to 
^ ^' - y Z28 if 7 divides y. 

□ 

Corollary 1.10. The image of the forgetful map F : 5^^//(5^i x S^^) 5^°p(5^J' x S^^) is 
not a subgroup for x 5^ x 5^ x S^"^ and x 
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Proof. By [Ri2l |K^[Ex. 20.4, §7] the bijection i* o r/^°P : S^°p{Sp x ^<?) = Lp{e) x Lg{e) of 
(jl]) is in fact an isomorphism of groups for the Siebenmann group structure on S'^°^{Sp x S'^). 
The map F factors as 

5W/(54i^^4fc) i'oj^ff ^^^.(^/o)x7r4fc(G/0) ^ 7r4,(G/Top) X7r4fc (G/Top) ^ 5^°P(S^^x5^'=) 

and by definition the image of Tr^i^G/O) — )• n^i^G/Top) is tii-n4^i{G/Top). Applying Theorem 
11.51 we obtain the equahty 

Im(F) = {(t4j X, t4fc y) I ^4fc e t40+fe) ■ L4(j+fc)(e)} C L4j(e) x L4fc(e) 

so that Im(F) is a subgroup if and only if 8 t^j t^k ■ bP^j+k) = 0. The calculations in Section 
[5] show that this does not occur for the dimensions listed (and probably for very few pairs, 
or indeed no pairs, (4j, 4/c)). □ 

We finish the introduction with some remarks related to groups structures on S^'^^f{M). 

Remark 1.11. For a closed, smooth 3-dimensional manifold and an appropriate defini- 
tion of the smooth structure set, S^'^^^ [M^), Kro ^Wj proves that S^^^-^ {M^) admits a group 
structure making the smooth surgery exact sequence into a long exact sequence of groups. 

Remark 1.12. Since St^jt^k ■ bP^j^k) is always of odd order our results do not obstruct 
a group structure on a "2-local" smooth surgery exact sequence, whatever that might be 
precisely. 

With regard to placing group structures on exact sequences of pointed sets, the reader 
may wish to verify the following 

Lemma 1.13. Let A ^ B ^ C be an exact sequence of pointed sets where A and C are 
also groups such that A acts on B with orbits the fibres of g. Then B can he given a group 
structure such that f and g are homomorphisms if and only if 

1. the image of g is a subgroup of C and 

2. the stabilisers of the action of A on B are all equal to a fixed normal subgroup of A. 

From Lemma [1.131 and Theorem 11.61 we see that S^^-^-^{S^ x S'^) admits a groups structure 
such that 

Lp+,+i(e) S'^'^^iSP X 5«) Af^'-f^iS^ X 5") 

is an exact sequence of groups if and only if {p,q) ^ (4j — 1,4A;) or {Aj,Ak). Assuming 
p < q, we hypothesise that some form of framed connected sum over can be used to give 
a geometrically define group structure on S^^^^ {S'p x S'^) which would be closely related to 
the isotopy group of S'^ x S^^^. 

Acknowledgments: 1 would like to thank Matthias Kreck, Andrew Ranicki, Jim Davis, 
Kent Orr and Wolfgang Liick for several helpful suggestions and questions. 
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2 The structure sets of x and x 5^ 



In this section we prove Theorems 11.11 and 11.31 give representatives for every element of 
5W/(^5'3 X g^^^ iS^*-^-^(S'^ X S*) and classify smooth manifolds homotopy equivalent to 
X or X S\ 

Theorem 11.11 follows immediately from Theorem 11.61 and the isomorphisms n^lG/O) = 
7i-r{G/0) = 0, 7i4^{G/0) = Z and bPs = Z28- It gives the short exact sequence of pointed sets 

bP 

Z28 ^ S'^'^iS^ X S^) ^ Z (6) 

where bPg acts transitively on the fibres of 7] and the stabiliser of [N, f] G S^^^-^{S^ x 5*^) is 
32?7([A^, /]) ■ bPg. We obtain a section for t] by recalling from |C-Ej that for each f G Z there 
are fibre homotopy equivalences f^'-N^^S^x S'^ such that r]{[Ny, /^]) = v where A^^, is the 
total space of the 3-sphere bundle over S'^ with trivial Euler class and first Pontrjagin class 
48f C Z = H^{S'^): here and below all (co)homology groups are with integer coefficients. 
(Even though |C-E] considers bundles with non-trivial Euler number nothing hangs on this 
assumption) . For precision we prove that the map v h- )■ [N^ , f^] gives a well-defined section 
of 77. 

Lemma 2.1. The structure invariant [N^, fy] is independent of the choice of fibre homotopy 
equivalence fy. 

Proof. Up to fibre homotopy any two such maps, fy and fy, differ by an element of 7r4(S'G(4)) 
where SG{4) is the monoid of orientation preserving self-homotopy equivalences of S^. 
Standard arguments show that the forgetful map n^^SO^A)) — > tt^^SG^A)) is an isomor- 
phism and that every element of 714 (5*0 (4)) can be realised by a fibrewise diffeomorphism of 

Ny S\ □ 

Theorem 2.2. 1. The structure invariants [T,'^\Ny, fy] exhaust S^^^^{S^ x 5*^) as v ranges 
over Z and [S] ranges overbPg. 

2. We have [SjlA^^o, /^J = [SjliV^o, /„J if and only if vq = Vi and [Sq] - [Si] G 32 i;o ■ ^-Ps- 

3. There is a diffeomorphism SotlA^t,,, = T,i^Ny^ if and only if Vq = ±Vi and [Sq] — [Si] G 
2vo-bPs. 

Proof. The first two statements follow from the fact that r]{[Ny, fy]) = v, Lemma l2.ll and 
Theorem ll.il For the third, we observed in |C-Ej that there are bundle isomorphisms covering 
the antipodal map on S*^ which give diffeomorphisms A^^ = N_y so it remains to compute 
the inertia group of Ny, I{Ny) := {[S] G 67 = bPs \ SfliV^ ^ Ny}. A theorem of Wilkens, 
|Wi] [Theorem 1 (ii)], asserts in part that I{Ny) = Zk(y) C bPg where k{v) = 14/(14, f) and 
(14, is the g.c.d. of 14 and v. this completes the proof. □ 

We now consider S^'^^f{S'^ x 5*^). Theorem 11.31 follows immediately from Theorem 11.61 
and the isomorphisms bP^ = Z28, 'ni{G/0) = Z, and ns{G/0) = Qs — ^2- It gives the exact 
sequence of pointed sets 

^ Z2 ^ S^'"{S^ X ^ Z X Z A Z7 ^ (7) 
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where Z2 = 08 acts freely and transitively on the fibres of i* orj and d{u, v) = uv mod 7. We 
shall construct homotopy equivalences fu,v '■ N^^^ S'^xS^ with (z*o?7)([A^„^^, = (m, v). 
Let Wu be the 4-disc bundle which cobounds Nu above: that is — ?■ 5*^ is a linear 4-disc 
bundle with trivial Euler class and first Pontrjagin class 48u G H^{S'^). If C is an 
embedded disc in the base space then the bundle Wu — )■ is trivial over and there 
are fibre homotopy equivalences '■ — x which we may assume are equal to 
the identity over x D'^. We let Wu^v be the manifold obtained by plumbing Wu and W^ 
together: i.e. we identify D'^ x D'^ C Wu with x C W^ by exchanging fibre and base 
space coordinates. We thus obtain homotopy equivalences /^^ : Wu^v {S'^ x S"^) — D^ since 
(5*^ X S"^) — is the manifold obtained by plumbing two trivial bundles together. 

Manifolds of the type W = Wu,v were classified by Wall in |Wal] using their intersection 
form, \w : H^{W) x Hi{W) -> Z and stable tangential invariant Sa{W) : Hi{W) 
Ti'i{SO) = Z. In the case of W, standard arguments show that these data are given by: 

H,{W)=Z\x,y), Xw=(^l ly Sa{W){x) = 24u, Sa{W){y) = 24v. 

The boundary of W, dW, is a homotopy sphere whose diffeomorphism class is determined 
by the following formula (see |Wal] [Theorem 4] and |E-K] ) : 

lj{W) = {a{W) - {Sa{Wy)/8 ■ 28 G Z28 C Q/Z, 

where a(W) is the signature of W, we regard Sa{W) as an element of H^(W) and Sa(Wy 
is calculated using the isomorphism H'^{W) = H'^{W, dW) and then evaluating on the fun- 
damental class of W. Clearly a{W) = and one may check that 

fx{Wu,y) = -2 ■ 24 ■ 24 ■ uv/28 G Q/Z. 

Hence dWu^v is diffeomorphic to S*^ if and only if 7 divides uv which confirms (^^. When 
dWu,v = we let Nu,v,^ := Wu,v^<pi-D^) where : dWu,v = S'' = dD^ is a diffeomorphism. 
Extending by coning we obtain fu,v '■ Nu^,^ — > S"^ x S"^ and it is easy to check that 
{i* o rD(\Nu,,u^^, fu,v\) = {u,v). As for the action of 63, the choices for : dWu,v — S'^ are 
parametrised up to isotopy by ©g = 7ro(Diff(S'^)) and so by ([7]) we obtain all of S^^^^ {S"^ x S"') 
by varying u, v and (p. 

In the following theorem recall that closed, smooth manifolds Nq and A^^i are said to be 
almost diffeomorphic if there is a homotopy sphere S such that A^'o and EjjA^i are diffeomor- 
phic. 

Theorem 2.3. 1. The structure invariants [Nu^v,<i>, fu,v] exhaust S^"^-^-^ {S^ x S*^). 

2. For i = 0,1 and two pairs {ui, Vj) G Z x Z with 7 dividing Ui Vi, two manifolds NuQ^vo,'f>o 
and Nuj^^vi,(t)i o,re almost diffeomorphic if and only if for some e G {±1} the unordered 
pairs {uo,vo} and {eui,evi} are equal. 

3. The inertia group of every Nu^v,<f> is trivial so that there are two diffeomorphism types 
within each almost diffeomorphism type of manifolds homotopy equivalent to S"^ x S"^. 
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Proof. It remains to prove the second and third statements. By [Walj 3-connected 8- 
manifolds are classified up to almost diffeomorphism by their intersection form and stable 
tangential invariant. Thus we must classify triples {H,X,Sa) where H = Z'^{x,y), A is the 
hyperbolic form on H and Sa : if — )■ Z is a homomorphism. In this case Sa{Wu,v){x) = 24u 
and Sa{Wu,v){y) = 24f . The group of automorphisms of A is isomorphic to Z2(T) x Z2(— Id) 
where T{x,y) = {y,x) and (— Id)(x,?/) = {—x,—y) and the almost diffeomorphism classifi- 
cation follows immediately. 

The third statement follows from the fact that lm{Sa{Wu,v)) C 24 ■ Z and the following 
theorem which is proven in |C2] . 

Theorem 2.4. Let N be a closed, smooth 3-connected 8 manifold with stable tangential 
invariant Sa : H4^{N) — n^^SO) = Z. The inertia group of N is trivial if and only if 
lm{Sa) C 4 ■ Z. 

□ 

3 Surgery Preliminaries 

In this section we quickly recall some definitions and then record preliminary results about 
the surgery exact sequence. The latter concern product manifolds M = Mq x Mi, the action 
of the smooth surgery exact sequence for S*" on the surgery exact sequence of general M 
and the action of L„_|_i(e) on S^''^^ {M). Throughout M is a closed Cat manifold, Cat = 
Diff or Top, and we assume that M is simply-connected for simplicity. We point out that 
appropriate versions of the results in this section should hold for any fundamental group: in 
particular Lemma 13.91 and Corollary 13.131 may be of interest in other contexts. 

Let Y and W be compact Cat manifolds with possibly empty boundaries dW and dY. 
A degree one normal map {f,b):Y^Wisa degree one map f : Y ^ W together with 
a stable bundle isomorphism b : uy ^ where uy is the stable normal bundle of Y, b 
covers / and ^ is some stable vector bundle over W (necessarily fibre homotopy equivalent 
to I'w)- If ^ C dW is a nicely embedded codimension-0 submanifold of the boundary of 
W then (/, 6) is called "rel. X" if '■ f~^{X) X is a. Cat isomorphism. A normal 

bordism of rel. dW degree one normal maps {Yi, fi,bi), i = 0, 1, is a degree one normal map 
{g,c) : Z ^ W X [0,1] rel. dW x [0,1] restricting to (YiJiM) over W x {i}. The set of 
normal bordism classes of rel. dW degree one normal maps is denoted N^''\W). Here we 
use the convention that if the boundary is not mentioned explicitly then surgery problems 
are assumed solved on, and relative to, the boundary. 

When M is a closed Cat manifold the map r/"^"* : 5'^"*(M) N'^''\M) is defined by 
mapping [A^, /] to [(/,&) : N — )• M] where b : pn — f^^*{^N) is the canonical bundle map 
and ^ = /^^*(z/Ar). The map rj'-'"-^ fits into the long exact sequence from ([1]) 

. . . Ar^"*(M X [0, 1]) ^ L„+i(e) 5^"*(M) ^ A/'^"*(M) ^ L„,(e). 

We conclude this brief review of the surgery exact sequence here and refer the reader to 
[Brol IWa2l ILul IRa2] for definitions of the groups -L„(e), the surgery obstruction maps 6**""* : 
J\f^°-\M) -> L„(e) and 6''^"* : J\f^''\M x [0, 1]) L„+i(e) and the action map u : L„+i(e) 
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iS'""*(M). As a final point, we remark that all of the above definitions make sense in any 
dimension but it is only in dimensions n > 5 that the surgery exact sequence is guaranteed 
to be exact. 

Now suppose that M = Mq x Mi is the produced of two closed manifolds. The product 
of two degree one normal maps is again a degree one normal map and we obtain a map 

TT : Ar^"*(Mo) X Ar^"*(Mi) -> Af^^'iMo x Mi). 

We first recall how the surgery obstruction map OmqxMi restricted to the image of vr is 
related to 9mo and 9mi- This requires some facts from |Ralj [§I.8]: there are 4-periodic 
symmetric L-groups i^*(e) with L*(e) = Z, Z2, 0, as i = 0, 1, 2, 3 mod 4 such that any closed 
n-dimensional manifold M has a symmetric signature a*{M) G L^{e). Moreover, there 
are homomorphisms Lj(e) — L'^{e), necessarily zero unless i = Ak when L4^k{e) — )■ L^'^(e) 
is multiplication by 8 and there are product maps Li{e) (g) L^{e) — )■ Li^j{e) such that the 
induced product Li{e) ®Lj{e) — )■ Li^j{e) is zero unless = (4fc,4Z) when it is isomorphic 
to multiplication by 8. The following is proven as part of [Ralj [§II.8.1]: 

Proposition 3.1. Let Mq and Mi be closed manifolds of dimensions no and Ui and let 
{x,y) e A/'^"*(Mo) X Ar^"*(Mi). Then 

OMoxMATT{x,y)) = eMoix)eMM + ^Afi(l/)c^*(Mo) + (a;)fT*(Mi) G L„o+„i(e). (8) 

Identifying J\f^"-^{Mi) = [Mi, G /Cat] for i = 0, 1 we also obtain a map 

TT : [MQ,G/Cat\ X [Mi,G/Cat\ -> [Mq x Mi,G/Gat\. 

Lemma 3.2. The map vr : [Mq,G /Cat] x [Mi,G/Cat] — )• [Mq x Mi, G /Cat] is a homomor- 
phism with respect to the Whitney sum infinite loop structure on G/Cat. 

Proof We give only a sketch. The identification Ar*^''*(M) = [M,G/Cat], see [MzMj [Theorem 
2.23] for Cat = Diff (and also PL), runs as follows: a map M — > G/Cat defines a fibre 
homotopy trivialisation of vector bundles over M and making this transverse to the zero sec- 
tion we obtain a degree one normal map to M. The Whitney sum multiplication on G/Cat 
takes a pair of fibre homotopy trivialisations of vector bundles to the Whitney sum of these 
trivialisations. The product of transverse maps is again transverse so now we reduce to a 
simple point-set identity for the inverse image of certain product maps which completes the 
proof. 

The same argument also works for topological manifolds given topological transversality 

□ 

Remark 3.3. We shall use Proposition \3.1\ and Lemma \3. S\ for Mq = or x and 

Ml = S'^ where p,q > 2 and so use the identification N'^°'^{S^) = TTq{G/Cat) even in low 
dimensions. The reader may object for Cat = Top, in particular p = 4, that we are using 
the very deep mathematics of topological transversality for a comparatively simple outcome: 
calculating S^^-^^{S^ x 5^). To this we reply firstly that our proof of Theorem \1.5\ uses only 
the smooth category and that our proof of Theorem \1.6i can be easily modified so that the 
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same is also true of it. Our methods thus make no essential use of the topological category 
and so are comparatively elementary. Secondly, an important aim of this paper is to compare 
the smooth and topological surgery exact sequences and in that respect we are happy to recall 
and use the full scope of topological surgery. 

We now turn to preliminaries concerning the action of the smooth surgery exact sequence 
for S"' on the smooth surgery exact sequence for an arbitrary smooth manifold M. Firstly, 
recall that the group of homotopy ra-spheres, S^''-^^{S"') = 6^, acts on the smooth structure 
set of M by 

e„ X 5^^//(M) 5^^//(M), ([S], [N, /]) ^ [StliV, /] 

where we regard the connected sum SjjA^ as a smooth manifold with the same underlying 
topological space as and with smooth structure differing from that of only on an n-disc. 
There is also an action of the group of smooth normal invariants of S*" on M^^^^ {M)., 

_A^W/(5n) ^ J^D^ff^^^ _^ Ar^'ff{M), {[W, g, c], [N, f, b]) ^ {W^, 9^, ^b) 

where we take the connected sum in domain and range of degree one normal maps assumed 
to be the identity about the locus of the connected sum. 

Lemma 3.4. The actions of onS^'f^{M) and Af^'^^ {S'') onU^'ff{M) are compatible 
so that there is a commuting diagram on long exact sequences 

^ Ln^M . e. ^^^ff{sn Ue) 

= (9) 

. L„+i(e) 5^'//(M) Ar^^ff{M) K{e). 

Moreover if c : M ^ S"' is the collapse map then the action of M^^^^ {S'^) on Af^^^^ {M) may 
be identified with the action of7in{G/0) on [M,G/0] given via c* : 7in{G/0) — )■ [M,G/0]. 

Proof. This is just a question of checking definitions. In particular the last statement can 
be seen by another application of |M-M] [Theorem 2.23]. □ 

Corollary 3.5. Let M be a closed smooth n-manifold such that the top cell of M splits off 
after stabilisation. Then Qn/bPn+i acts freely on S^^^^ {M) /bPn+i- 

Proof. Our assumption on M ensures that c* : TiniG/0) — )■ [M, G/0] is a split injection 
where c is the collapse map. Thus by Lemma [3.41 the action of G„/6P„+i is detected via rjM 
in 7r„(G/0) D e„+„/6P„+„+i: if [S] G e„ and [NJ] G 5^^^/(M) then 

r^MmNJ-])=VM{\NJ]) + c*r^s<[n) G [M,G/0]. 

□ 
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We now turn to the action of 6P„+i C e„ on S^'ff{M). By Browder, [Bro][II 4.10, 4.11], 
the action of L„+i(e) on S^^^^ {M) factors through ujs^^ '■ Ln+i{e) bPn+i and the action of 
bPn+i C 6„ on S^^f^{M) described above. The surgery exact sequence 



. . . ^ W^^ff^M X [0, 1]) L„+i(e) S'>'ff{M) ^ . . . 

allows us to calculate the stabilisers of these actions on the base-point: 

^n+i(e)[id] = Im(6'A/x[o,i]) and so (&Pn+i)[id] = u;5"(Im(6'Mx[o,i]))- 

To calculate other stabilisers we shall use the following lemma on the naturality of the surgery 
exact sequence. Although at present we consider simply-connected manifolds, a little later 
we will encounter oriented manifolds with fundamental group Z. We therefore state the 
Lemma for general fundamental groups. 

Lemma 3.6. A homotopy equivalence g : Y ^ Z between closed Cat-manifolds with arbi- 
trary fundamental groups induces a commutative diagram 

By 



(10) 



Vy 



(vr) 



Ln{TT). 



Proof. We give only the definitions of the maps and leave the details to the reader: if [A^, /] G 
SCat^Y) then g,{\N, /]) = [iV, gof], if [N, /, b] G U^-\Y) then g,{\N, f,b]) = [N, gof, g-^*ob] 
and (7* : Lj(e) = Li{e) is the map induced by g* : tti{Y) = iti{Z). 

Lemma 3.7. Let [N, f] G S^^-^-^{M). The stabilisers of [N,f] under the actions of Ln 
and bPn+i are given by 



□ 

lie) 



Ln+i{e)[N,f] = lm{6^ 



and {bPn+i)[Nj] = c^S"(Im(6'Arx[o,i]))- 



'Nx[0,l])) 

Proof. Let /^^ : M — )■ be a homotopy inverse for / and consider the commutative 
diagram of Lemma \3M applied to f~^. By definition, /^^([A^, /]) = [Wn] and so f~^ : 
Ln+i{e) = Ln+i{e) carries the stabiliser of [A^, /] isomorphically to the stabiliser of [Mat] 
which we determined above in f lTU]) . The statement for the action of bPn+i follows because 



Ln+iie) acts via the surjection us" ■ L„+i(e) — )■ bP, 



n+l- 



□ 



Given a homotopy equivalence f : N M, we would like to use functorality to relate 
^A/x[o,i] and 6'jvx[o,i]- f merely a homotopy equivalence, composition with / does 

not induce a map J\f'^"-^{N x [0, 1]) — )■ J\f'^"'^{M x [0, 1]): we need a Cat isomorphism on 
the boundary. We therefore find a way to return to the closed case. Given a rel. boundary 
degree on normal map {g,c) : W — )■ M x [0,1] we may always assume that {g, c) is the 
identity over the boundary of W. Gluing the ends of both domain and range together we 
obtain a well defined map 

Tm : Ar^"*(M X [0, 1]) ^ AT^^^M x S^). (11) 

For the next lemma, recall that AA'""*(Mx [0, 1]) = [SAf, C /Cat] where SM is the suspension 
of M. 
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Lemma 3.8. With the identifications Af^^^M x[0, 1]) = [EM, G/ Cat] and Af^^\M x S^) = 
[M,G/Cat] X [TjM,G/Cat], the map Tm is the inclusion onto the second factor. Moreover 
for the canonical inclusion L„+i(e) — i- L„+i(Z) the following diagram commutes 



Af^^'iM X [0,1]) 



e 



MX [0,1] 



Ln+i{e) 



Proof Let i : M = M X {pt} M x he the inclusion and identify (M x S^)/i{M) 
EM V S^. Then since tii{G / Cat) = we have a short exact sequence 



[SM,G/Cat] — y[Mx S\G/Cat\ ^ [M,G/Cat\ 

where ?*([V, /, &]) = if and only if (V, /, h) is normally bordant to a degree one normal map 
which splits along M x {pt} C M x S*^ as a Cat-isomorphism. This is certainly true for any 
Tm{\W, 5', c]). On the other hand, if /, 6]) = we see that [V, /, h] lies in the image of 
Tm. 

The second statement uses Shaneson splitting, |Shj : L„_|_i(Z) = L„_|_i(e) © i^„,(e). As 
Tm{\W, g,c\) splits along M x {pt}, 6'mx51 (^m([W^, 5', c])) lies in the L„+i(e) component of 
L„+i(Z). Moreover, the surgery kernels are the same for {W,g,c) and TM{W,g,c): homo- 
logically, if is the surgery kernel of {W,g,c) then H^{W) = ® H^{M x [0,1]) and 
H^{Tm{W)) = K^® H^{M X S^). It follows that the surgery obstructions for {W,g,c) and 
{TM{W,g,c)) are the same element of L„+i(e). 

□ 

For a homotopy equivalence f : N ^ M the homotopy equivalence f x\(\ : N x ^ 
M X induces the following commutative diagram by Lemma [3.61 



QCat 
/Vx.'?! 



Ln+l{'^) 



(/xld). 



(12) 



QCat 



We now combine the map Tm and the above diagram to obtain our key lemma. 

Lemma 3.9. Let f : N ^ M be a homotopy equivalence and let x G M'"'^^{N x [0, 1]). The 

surgery obstruction maps 9mxs^ O'^'^d 6'Arx[o,i] o^re related by 



^^x[o,i]W = ^Mx5i(r/([iVx^\/xId]) + (/xId)-i*(rjv(x))) G L„+i(e). 
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Proof. By Lemma 13.61 and (fT2|) we have the equahties 

(^Nx[0,l] = ^NxS^ = OmxS^ ° (/ X Id)^, O Ttv- 

We now require the following composition formula for normal invariants of |Brut IM-T-Wt 
[Ra4] . 

Proposition 3.10. Let g : Y ^ Z be a homotopy equivalence of Cat manifolds and let 
{f,b):X^Y be a degree one normal map representing [X, /, b] G [Y, G/Cat]. Then 

g4[XJ,b])=r^''^\[Y,g])+g-'*{[XJ,b]) G [Z,G/Cat]. 

Remark 3.11. The above formula goes back to IBru^ where it was proven in the category 
of punctured, simply- connected, smooth manifolds and to IM- T- W|/ where it was proven for 
topological manifolds with non-empty boundary. From fRa^ we have it in the topological 
category for manifolds with or without boundary. However one may check that the arguments 
of lBru\ IM- T- work equally well for closed manifolds of any fundamental group and of 
any category. 

Now given x G W^^^N x [0, 1]) we apply Proposition [SHO] to f x Id : N x M x S^: 

ONxmi^) = OmxAU X \dUTN{x))) = e,,^sAv{[N xS\fx id] + (/ x Id)-i*(T^(x))). 

□ 

Remark 3.12. A homotopy equivalence f : N ^ M does define the following map 

/x : Af^^\N X [0, 1]) = [SA^, G/Cat] ^ [SM, G/Cat] = Af^^^M x [0, 1]). 

It is not hard to check that (/ x Id)^"'^*(T/v(x)) = TmUx^x)) and so we could rewrite the 
equation of Lemma \3.9\ as 

eNxm{x)=0Mxs<v{[NxS\fxld])xTM{fx{x))) G L„+i(e). 

Corollary 3.13. For [N,f] G S^^^^{M), the stabilisers Ln+i{e)[Nj] and {bPn+i)[Nj] depend 
only upon the homeomorphism type of N. 

Proof. This follows quickly from Remark 13.121 and the fact that [o i] ~ ^AfT [o i] ° 

also the fact that ri'^"^{[N x S*^, / x Id]) = if / is a homeomorphism. □ 



4 The proofs of Theorems 11.51 and 11.6 



Proof of Theorem \1.5[ We shall move along the sequence of Theorem 11.51 from left to right: 
by [DS] or [Sc] the inertia group of 5"^ x S"^ is trivial and thus Qp+q acts freely on the base 
point of S^'^f{SP X 
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We next determine the formula for the surgery obstruction map O^p^gq. Recall that 
i : S'P y S'^ ^ X S'^ is the inclusion and that c : x S'' ^ 5"^+^ is the collapse map. There 
is a short exact sequence 

7Tp+g{G/Cat) A [S^ X 5", G/Cat] A 7ip{G/Cat) x Ti^{G/Cat) (13) 

and the product map VTpg : A/''""*(S'^) x M^"'^{S'^) from Proposition 13.11 gives the map 

vTp.g : iip{G/Gat) X 7Tg{G/Cat) = AT^^^Sp) x M^^^S^) Af^^^S'^ x S"). 

We leave the reader to check that i* o iip^q is the identity on 7ip{G/Gat) x -KqiG / Gat) and 
henceforth use Hp^q x c* to make the identification 

{^p{G/Gat) X nq{G/Gat)) x np+q{G/Gat) [S^ x S\G/Gat\ = Af^^^S^ x S''). 

Before stating the next lemma we recall the isomorphism T[i{G /Top) = Li{e), the product 
Lp(e) ® Lg{e) — )■ Lp+q(e) and the homomorphism F : Hi{G/0) — > nii^G/Top) which may be 
identified with the surgery obstruction map 9gi^-^ : TTi{G/0) — i- Li{e). It easy to check that 
F : Af^'f^{SP X S'^) Af*°P{SP X S'^) can be identified with the product of the induced maps 
on homotopy groups F : HLi '^P^iG/0) HLi '^P^G/Top), (^1,^2,^3) = (p, q,P + q)- 

Lemma 4.1. With the above identification N'^''\Sp x S"^) = Y^i^i^p^G/Gat), the surgery 
obstruction maps dsT^s^ ^'^^ ^spdsi ^''^^ given by: 

^sZsi ■ -rCpiG/Top) X TCg{G/Top) x TCp+g{G/Top) — > Lp+g{e), {x, y, z) xy + z, 

eSii, : rtp{G/0) X ng{G/0) x np+g{G/0) Lp+g{e), (n, v, w) ^ F{u)F{v) + F{w). 

Proof. We give two proofs, the first starting with the smooth category: for {u,v,0) = 
7ip^g{u,v), we apply the surgery product formula of Proposition 13.11 and the fact that the 
symmetric signatures a*{SP) and a*{S'^) vanish. The normal bordism class {u,v,w) is equal 
to that of (u, f , 0) acted upon by (0,0, ti?) = c*{w) for w G T^p+q{G/0) and we apply the 
commutativity of the diagram of Lemma 13.41 to complete the proof. The same proof works 
in the topological case where a version of Lemma 13.41 of course holds. 

A second proof may be given using [Ra4] [Example 3.6(i)] where 0^°^^^ is given in terms 
of the alternative group structure on A/'^°^(5'^ x S'^). Combining Ranicki's formula for the 
surgery obstruction map with his formula comparing the two group structures on N"^°p{Sp x 
5**^) gives the same answer for O'^p^gg and the smooth case follows from the fact that 9^''-^-^ = 
e^"P oF. □ 

From LemmaOwe see that the image of r^^*^^ : S^'ff{SP x S") Af^'^^iSP x S'^) is the 
set {{u,v,w)\F{u)F{v) — F{w) = 0}. In particular, if {u,v) G Im(i* or^-^*-^-^) then the set ofw 
such that (m, v, w) lies in the image of rj^^-ff is a coset of Ker(F : Hp^q{G/0) — )■ np+q{G/Top)). 
Applying the exactness of the surgery exact sequence for 5'^+'' and the commutative diagram 
of Lemma [3^ we see that Qp+q acts transitively on {i* o rj^^ff)~^[u.,v) C S^'^^^ {Sp x S'^). 

We now characterise the image of i* o r]^^ff : S^'^^iSP x S'') MG/0) x 7iq{G/0). 
Recall that ti is the non-negative integer defined by = if z is not divisible by 4 and 
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Fij^AkiG /O)) = t^k ■ Tc^kiG/Top). Recall also that we have chosen a splitting x : 
TT^kiG/O) = X ^- For i 7^ 4fc we define 0j : 7rj(G'/0) — )■ to be the zero map and for all 
i we choose fixed generators Zi for Lj(e) such that F{(f)^^){l) = t^kZ^k when i = Ak. With 
these conventions Lemma [4.11 yields 

^spxsi ° ^p,9 • '^p{G/0) X TXq{G/0) Lp+g{e), {u,v) ^ ±8(f)p(u) (l)q(v)tptqZp+g e Lp+q{e). 

Applying Lemma 14.11 again we see that the map d of Theorem 11.51 is the bilinear map 

d : MG/0) X nq{G/0) ^Stptq- bPp+q{e), {u,v) h-> {cosp+, o 9^'^^ o 7rp^q){u,v). 

We saw above that {u, v) G Im(z* o rj^'^-^f^ if and only if there is a if G TXp+q{G / O) such that 
F{u)F{v) = —F(w). It follows that {u,v) G Im(2* o 7^^*-^^) if and only if d{u,v) = 0. Finally, 
as Hii{G/0) maps onto ta-T^aiG /Top), d maps np{G/0) xiTq^G/O) onto 8tptq-bPp^q{e). □ 

Proof of Theorem MM The top cell of x 5*^ splits off after just one suspension and so by 
Corollary [3]5]6p+g/6Pp+g+i acts freely on S'^^^^ {S^ x S'^)/bPp+q-^-i. So the exact sequence of 
Theorem 1 1 . 61 follows from the exact sequence of Theorem 1 1 . 5 1 and the expression for 9^ll^gq in 
Lemma In particular lip + q^Ak then r/ : S^'^^iS^ x ^'?) ^ Qp+q/bPp+q+i x TTp{G/0) x 
Tiq{G/0) is just the map rj^^^^ onto its image where we have identified M^^^^{S^ x S'^) = 
Y['i=i''^PiiG/0) as in the proof of Theorem 11.51 and where we also identify 6p+g/6Pp+g+i 
with Ker(6'_^p/{ : TTp^q{G/0) — )■ Lp+q(e)). When p + q = 4k we use the splitting r4fc x : 
'Kik{G/0) = Q^k X ^ and must only note that ^^4/'^ : ir^kiG/O) — )■ L^kie) factors through 

It remains to determine the action of bPp^q on S^"^^^ {S^ x S'''). If p + g is odd then 
bPp+q = and there is nothing to prove. So we assume that p is odd and q is even and begin 
by determining ^'^pxs^xs'i- Once again we use products to identify the normal invariant set. 
We have the map 

vTpxi.g : A/'^"*(SP xS')x A/'^"*(S'^) ^ A/'^"*(5P X X 

and for the inclusion j : (S*^ x S*^ x S*"*^) — — ^ x S"^ x 5^ we have the short exact 
sequence 

7ip+q+i{G/Gat) ^ [SP X X S\G/Gat] A [((S^ x S" x S^) - 0^^"+^) , G / G at] 

and a canonical identification 

[((^P X 5^ X S^) - DP+^+i),G/Cat] ^ [5^ X S\G/Gat\ x [5^ x S\G/Gat\. 

In the topological case Hp{G/Top) = = iXqj^iiG /Top) so that [S'^xS'"'^, G /Top] = iXp^iiG /Top), 
[S"' X ,G /Top] = Hq{G/Top) and vTpxi.g defines a section for j*. 

Lemma 4.2. T/ie majj {TTpxi,q x c*)"^ g'Zi'es an identification 

j^Top^gp X X = Lp+i(e) X L,(e) x V,+i(e) 
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such that the surgery obstruction map has the following form 

^sZs^xs^ ■ ^P+i(e) ^ ^<?(e) X Lp+g+i{e) — > Lp+g+i(e), {x,y, z) ^ x ■ y + z 

and such that the map Tspxsi from takes the form 

Tspxsi ■ Lp+i{e) X Lp+g+i(e) — > ^p+i(e) x Lg{e) x Lp+g+i(e), {x,z) ^-^ {x,0,z). 

Proof. The identification of O'^p^^q^gi follows from Proposition 13.11 and that fact that the 
symmetric signatures a*{S^ x S^) and cr*(5"') vanish. The second statement may require a 
little comment: denote by Pq both the maps Af^°P{SP x [0, 1]) Af^°P{SP x 5« x [0, 1]) and 
j\fTop^gp ^ _j, j\/Top^gp X S'^ X S^) which multiply the domain and range of a degree one 
normal map with Id : 5''^ = 5*^. Under the identification 

^Top^gp ^gq^ _ ^ ^9+1 ^ G/Top] 

the summand np^i{G/Top) is equal to Pq{Af^°P{SP x [0,1])). The result follows from the 
easily verified identity Tspxsi ° Pq = Pq° Tsp. □ 

Now let iq : S'^ ^ S'P X S*^ be the inclusion and recall that Zi is a fixed generator of 'Ki{G /Top). 
For [A^, /] G S^'^f{SP X S") we extend the definition of dl[N, /]) G Z from Theorem [Li by 

^(\AT f]\ - S if g = 2 mod 4 

aW^,J\) - I ^((,*^ „ r/^^//)([iV, /]))) = di[N, /]) t4fc ^4fc e vr4,(G/rop) if g = Ak. 

Lemma 4.3. Lei [A^, /] G S^^^-^{Sp x S'^). Then we have the following formulae for the 
surgery obstruction maps 9^^^^ ^ and 6'^!f[o i] ■' 

C°x[o,i] • Lp+i{e) X Lp+q+i(e) Lp+g+i(e), {x,z) ^ d{[NJ])tqX Zq + z, 

3 
i=l 

Proof. We first identify r7^°P([iV x S^J x Id]) C [5^ x 5^ x S^,G/Top\. As p is odd and 
g is even, 77^°^ ([A^, /]) g TTq{G/Top) C A/'^"p(5p x 5"?) and so r/^"P([A^ x 5^,/ x Id]) = 
npxi^q{0,ri'^°P{[N, f])). The topological case now follows from Lemmas 13. 2^ 13.91 and 14.21 The 
smooth case follows from the topological case and the fact that 6'^*/[o 1] ~ ^Iv'xio 1] ° '-' 

We now complete the proof of Theorem [Ll Let [A^, /] G S^'^f{SP x S'^). If (p, g) ^ 
(4j - l,4fc) then by Lemma SSI Im(^^;Yo y) = F{7Cp+q+,{G/0)) C Lp +g+i(e) and so by 
Lemma [3.71 6Pp+g+i acts freely on all of S^'^^^ {S^ x S^). However, when (p, g) = (4j — 1, 4A;) 
Lemma H73] shows that Im(6'^*^jQy) C L4(j+fc)(e) is the subgroup generated by t4(j+fc) 2;4(j+fc) 
and 8 (i([A^, /]) t4fc t4j 2;4(j+fc). Applying Lemma l3n again we conclude that the stabihser of 
the action of &P4(j+fc) on [A^, /] is 8 d{\N, /]) t^j t^k ■ ^-P4(j+fc)- CH 
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5 The order of bP^k 

In this short section we review the computation the order of &P4fc. 

Theorem 5.1 ([LeJ). For k > 2, the group hP^k is a cyclic group of order 

= a,{2''-'){2'''-' - l)Nnm{Bk/4k) 

where = (3 — {—l)^)/2, is the k-th Bernoulli number (topologist's indexing) and 
Num(i?jt/4A;) is the numerator of the fraction B^/Ak expressed in reduced form. 

Recalhng that t^ := |Cok(7r4(G'/0) — )■ 7i4{G/Top))\ = 2 we have the following table: 

t4 = 2, tg = 28 = 4 X 7, ti2 = 992 = 32 x 31, tie = 8182 = 64 x 127. 

From this we obtain the following calculation of 8 t^k tij ■ bP^ij+k) for small values of j and k: 

St^t^ ■ bPs = 1^7, St^ts ■ bPi2 = "^si, 8 t^tu ■ bPiQ,= Zi27, 8 ^8 " ^-Pie = ^127- 

Finally, it is well known that Num(i?fc/4/c) is odd and as a consequence we see that the 
2-primary component of 8 t^j t^^k ■ bP'i{j+k) is always trivial. 
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